Position-dependent exact-exchange energy for slabs and semi-infinite
  jellium by Horowitz, C. M. et al.
ar
X
iv
:0
91
1.
13
38
v1
  [
co
nd
-m
at.
oth
er]
  6
 N
ov
 20
09
Position-dependent exact-exchange energy for slabs and
semi-infinite jellium
C. M. Horowitz,1, 2 L. A. Constantin,3 C. R. Proetto,4, 5, ∗ and J. M. Pitarke6, 7
1Donostia International Physics Center (DIPC),
E-20018 Donostia, Basque Country, Spain
2Instituto de Investigaciones Fisicoqu´ımicas Teo´ricas y Aplicadas,
(INIFTA), UNLP, CCT La Plata-CONICET, Sucursal 4,
Casilla de Correo 16, (1900) La Plata. Argentina
3Department of Physics and Quantum Theory Group,
Tulane University, New Orleans, LA 70118
4Institut fu¨r Teoretische Physik, Freie Universita¨t Berlin,
Arnimallee 14, D-14195 Berlin, Germany
5European Theoretical Spectroscopy Facility (ETSF)
6CIC nanoGUNE Consolider, Tolosa Hiribidea 76,
E-20018 Donostia, Basque Country, Spain
7Materia Kondentsatuaren Fisika Saila and Centro F´ısica Materiales CSIC-UPV/EHU,
644 Posta Kutxatila, E-48080 Bilbo, Basque Country, Spain
(Dated: September 12, 2018)
1
Abstract
The position-dependent exact-exchange energy per particle εx(z) (defined as the interaction
between a given electron at z and its exact-exchange hole) at metal surfaces is investigated, by using
either jellium slabs or the semi-infinite (SI) jellium model. For jellium slabs, we prove analytically
and numerically that in the vacuum region far away from the surface εSlabx (z → ∞) → − e2/2z,
independent of the bulk electron density, which is exactly half the corresponding exact-exchange
potential Vx(z →∞)→ − e2/z [Phys. Rev. Lett. 97, 026802 (2006)] of density-functional theory,
as occurs in the case of finite systems. The fitting of εSlabx (z) to a physically motivated image-
like expression is feasible, but the resulting location of the image plane shows strong finite-size
oscillations every time a slab discrete energy level becomes occupied. For a semi-infinite jellium,
the asymptotic behavior of εSIx (z) is somehow different. As in the case of jellium slabs ε
SI
x (z →∞)
has an image-like behavior of the form ∝ − e2/z, but now with a density-dependent coefficient that
in general differs from the slab universal coefficient 1/2. Our numerical estimates for this coefficient
agree with two previous analytical estimates for the same. For an arbitrary finite thickness of a
jellium slab, we find that the asymptotic limits of εSlabx (z) and ε
SI
x (z) only coincide in the low-density
limit (rs →∞), where the density-dependent coefficient of the semi-infinite jellium approaches the
slab universal coefficient 1/2.
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I. INTRODUCTION
The jellium model of a metal surface, introduced by Bardeen in 1936,1 is the simplest
model which reproduces qualitatively, and sometimes quantitatively, the physical properties
of real metal surfaces.2 While in his work Bardeen applied an approximated Hartree-Fock
(HF) theory for the study of the electronic structure, since the seminal work of Lang and
Kohn (LK)3 the standard theoretical tool applied to the study of the electronic structure
of metal surfaces has been Density-Functional Theory (DFT).4 As in the original work of
Lang and Kohn, most of the subsequent investigations have applied the Local-Density Ap-
proximation (LDA) of DFT, or some of its semi-local variants (GGA, meta-GGA, etc.).
This approach has been highly successful, and routinely yields good results for global sur-
face properties such as work functions, surface energies, crystal-structure relaxation and
reconstruction, etc.5
At a more basic level, however, some problems still remain to be solved, concerning for
instance the asymptotic behavior of the exchange-correlation (xc) potential of the widely
used Kohn-Sham (KS) approach to DFT. In the LDA, this potential decays exponentially
when evaluated in the vacuum region, instead of the expected image-like ∝ − e2/z behavior.6
This qualitative failure of the LDA xc potential translates to a similar failure of the position-
dependent xc energy per particle, εxc(r), which is defined through
7
Exc[n] =
∫
n(r) εxc(r) dr, (1)
with Exc[n] being the xc-energy contribution to the universal energy functional of DFT,
and n(r) representing the electron density. Three aspects of Eq. (1) are worth emphasizing:
(i) it represents the basic expression for the LDA, in which the exact εxc(r) of an arbitrary
inhomogeneous electron system is replaced at each point r by that of a homogeneous electron
gas at the local density n(r), and for a plethora of generalizations of the LDA,8 (ii) since
Exc[n] can be split as the sum of exchange (Ex[n]) and correlation (Ec[n]) contributions,
one can write εxc(r) = εx(r) + εc(r), and (iii) the position-dependent xc energy per particle
εxc(r) entering Eq. (1) is not unique. One can always add to εxc(r) an arbitrary function
ε(r) with the condition that weighted by the electron density n(r) integrates to zero. Here
we have chosen εxc(r) to represent the interaction between a given electron at r and its xc
hole.
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The goal of this work is to provide exact analytical and numerical calculations of the
exact-exchange εx(r) for jellium slabs and the semi-infinite (SI) jellium. In particular, we
analyze the asymptotic behavior of the exact εx(r) in the vacuum region far away from
the surface, and we find that there is a qualitative difference between εSlabx (z → ∞) and
εSIx (z → ∞): both exhibit an image-like behavior of the form −a e2/z (a > 0), but with a
coefficient a that while in the case of jellium slabs is universal and equal to 1/2 in the case of
a semi-infinite jellium depends on the density of the bulk material and only approaches 1/2
in the low-density limit. The results reported here should help to settle the still controversial
issue of the asymptotic behavior of the position-dependent xc energy per particle and KS xc
potential at metal surfaces.7,9,10,11
Besides, being the results presented here exact at the exchange level, they should also
serve as a benchmark against to which DFT xc calculations could be confronted, and hope-
fully improved, once reduced to their exchange-only version. In this context, very recently
Luo et al.12 have used a HF scheme to report self-consistent calculations of the surface energy
and work function of jellium slabs.
The rest of the paper is organized as follows: In Section II we present the general theo-
retical background for both jellium slabs and the semi-infinite jellium, and we derive exact
analytical expressions for the position-dependent exchange energy per particle in the vac-
uum region far away from the surface. Numerical calculations that are valid at all positions,
from the bulk region to the vacuum, are reported in Section III. Section IV is devoted to
the conclusions.
II. JELLIUM SLABS AND THE SEMI-INFINITE JELLIUM: THE EXACT
ASYMPTOTIC BEHAVIOR
A. Jellium slabs
In the case of jellium slabs, with the discrete character of the positive ions inside the slab
being replaced by a uniform distribution of positive charge (the jellium background), the
positive jellium density is
nSlab+ (z) = n θ(−z)θ(d + z), (2)
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which describes a slab of width d, number density n,13 and jellium edges at z = −d and
z = 0. θ(z) represents the Heaviside step function: θ(z) = 1 if z > 0 and θ(z) = 0 if z < 0.
The size of the slab is infinite in the x − y plane. The jellium slab is taken to be invariant
under translations in the x− y plane, so the KS eigenfunctions can be rigorously factorized
as follows
ϕi,k(r) =
eik·ρ√
A
ξi(z), (3)
where ρ and k are the in-plane coordinate and wave-vector, respectively, and A represents a
normalization area in the x−y plane. ξi(z) are normalized spin-degenerate eigenfunctions for
electrons in slab discrete levels (SDL) i (i = 1, 2, ...) with energies εi; they are the solutions
of the effective one-dimensional KS equation
ĥiKS(z)ξi(z) =
[
− ~
2
2me
∂2
∂z2
+ VKS (z)− εi
]
ξi(z) = 0, (4)
with me being the electron mass. It is important to remark here that the factorization of the
3D wave-function as proposed in Eq. (3) is only valid for the case of a local potential, as is the
case of the KS implementation of DFT. On the other hand, in the HF approximation the non-
locality of the Fock potential introduces a coupling between k and i quantum numbers12. As
a consequence, HF numerical calculations are more time-consuming than the ones presented
here, either LDA, KLI14, or OEP.15
The local KS potential VKS(z) entering Eq. (4) is the sum of two distinct contributions:
VKS(z) = VH(z) + Vxc(z), (5)
where VH(z) is the classical (electrostatic) Hartree potential, given by
16
VH(z) = −2πe2
∫
∞
−∞
dz′ |z − z′| [nSlab(z′)− n+(z′)] . (6)
Here, nSlab(z) is the electron number density17
nSlab(z) =
1
2π
occ.∑
i
(
kiF
)2 |ξi(z)|2 , (7)
where kiF =
√
2me(εF − εi)/~, and εF = εF (n¯, d) is the Fermi energy or chemical potential,
which in turn is determined from the neutrality condition for the whole system by the
condition
∑occ.
i (k
i
F )
2 = 2π d n. Vxc(z) is the nonclassical xc potential, which is obtained as
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the functional derivative of the xc-energy functional Exc[n(z)]:
18
Vxc(z) ≡ 1
A
δExc[n(z)]
δn(z)
. (8)
Both for the slab and semi-infinite [d → ∞ limit of Eq. (2))] geometries, and as a
consequence of the translational symmetry in the x− y plane, Eq. (1) simplifies to
Exc[n] = A
∞∫
−∞
dz n(z) εxc(z), (9)
where εxc(z) is the position-dependent xc energy per particle at plane z. In the case of
jellium slabs, the exchange-only contribution to Exc[n] (which is originated in the Pauli ex-
change hole with all other correlation effects excluded) is known to be given by the following
expression:19
ESlabx [n] = −2e2A
occ.∑
i,j
kiFk
j
F
∞∫
−∞
dz
∞∫
−∞
dz′ϕi(z, z
′)ϕj(z
′, z)Fij(z, z
′), (10)
where ϕi(z, z
′) = ξi(z)
∗ξi(z
′) and
Fij(z, z
′) =
1
4π
∞∫
0
dρ
ρ
J1(ρk
i
F )J1(ρk
j
F )√
ρ2 + (z − z′)2 , (11)
with J1(x) being the cylindrical Bessel function of first order.
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Comparison of Eq. (9) and (10) yields the following expression for the exchange-only
contribution to εSlabxc (z):
εSlabx (z) = −
2e2
nSlab(z)
occ.∑
i,j
kiFk
j
F
∞∫
−∞
dz′ϕi(z, z
′)ϕj(z
′, z)Fij(z, z
′), (12)
which can be interpreted as the energy due to the interaction of an electron at z and its
exchange-only Pauli hole. In order to demonstrate that the exact-exchange energy per
particle εslabx (z) of Eq. (12) represents indeed the interaction between an electron at z and
its exact-exchange hole, we appeal to the following expression for the exchange-hole for our
slab geometry21
hx(r; r+R) =
−1
2(πρ)2nSlab(z)
occ.∑
i,j
kiFk
j
FJ1(ρk
i
F )J1(ρk
j
F )ξi(z+Z)
∗ξi(z)ξj(z+Z)ξj(z)
∗; , (13)
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which represents the density of the exchange hole at point r+R (observational point) due
to the presence of an electron located at r. Owing to the translational symmetry in the
x− y plane, without loss of generality we have choose r = (0, z), r+R = (ρ, z+Z). Using
Eq. (13), and defining z′ = z + Z, Eq. (12) may be rewritten as
εSlabx (z) =
e2
2
∫
dρ
∫
dz′
hx(z; ρ, z
′)√
ρ2 + (z − z′)2 , (14)
which justifies the physical interpretation of εSlabx (z) as the interaction energy of an electron
located at z and the “charge distribution” given by hx(z; ρ, z
′). Equations (13) and (14)
can also be used as a sort of alternative definition of the εSlabx (z) investigated in this work,
as they solve the non-uniqueness of εSlabx (z) which results from its definition through the
exchange-only version of Eq. (9).22,23
1. Single occupied slab discrete level
In order to obtain the asymptotic behavior of εSlabx (z) at z → ∞, we first restrict our
analysis to the case where there is one single occupied SDL.24 In this special case, in which
i = j = 1, Eq. (12) yields [see also Eqs. (7) and (11)]:
εSlabx,1 (z) = − e2
∞∫
−∞
dz′ |ξ1(z′)|2
∞∫
0
dρ
ρ
[J1(ρk
1
F )]
2√
ρ2 + (z − z′)2 , (15)
or, equivalently (see Appendix):
εSlabx,1 (z) = −
e2
2
∞∫
−∞
dz′
|ξ1(z′)|2
|z − z′|
[
1− I1(2k
1
F |z − z′|)
k1F |z − z′|
+
L1(2k
1
F |z − z′|)
k1F |z − z′|
]
, (16)
with I1 and L1 being the modified Bessel and Struve functions, respectively.
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We note that Eq. (16) is valid for all z, both inside and outside the jellium slab. Also,
the cancellation of nSlab(z) which occurs in passing from Eq. (12) to Eq. (15) allows for the
numerical calculation of εSlabx,1 (z) for arbitrarily large values of z.
a. Asymptotic behavior. For the slab geometry, it is permissible (and rigorous) to take
the asymptotic limit k1F |z − z′| ≃ z k1F ≫ 1, although the integral over z′ runs from −∞
to +∞. This is due to the fact that for a given z the main contribution to the integral in
Eq. (16) comes from values of z′ inside the slab (−d . z′ . 0), as ξ1(z) decays exponentially
one or two λF ’s from each jellium edge.
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At this point, we define F (x) ≡ 1−I1(2x)/x+L1(2x)/x and use the asymptotic expansions
of I1 and L1 in the limit x≫ 1. We obtain20
F (x≫ 1)→ 1− 2
πx
+
1
2x3
− ... . (17)
Hence, as z k1F ≫ 1, Eq. (16) yields the following asymptotic behavior:
εSlabx,1 (z →∞)→ −
e2
2z
(
1 +
β1
z
+
γ1
z2
+ ...
)
, (18)
where β1(d, rs) = z
1(d, rs)−2/ [πk1F (d, rs)] and γ1(d, rs) = z2
1
(d, rs)−4 z1/ [πk1F (d, rs)], mean
values being defined here as O
i
=
∫
ξi(z)
∗O(z) ξi(z) dz. The rs dependence of z
1(d, rs) and
z2
1
(d, rs) comes from the self-consistent KS wave-functions ξi(z), which for a given d are
different for different values of the slab density dictated by rs. For details on the derivation
of Eq. (18) from Eq. (16), we refer to the Appendix.
2. General situation
For the general situation where more than one SDL is occupied, we obtain the asymptotic
limit of Eq. (12) by using the fact that for z →∞ (i) the electron density is dominated by
the slowest decaying KS orbital, which corresponds to the highest occupied SDL (i = m),
and (ii) the numerator of Eq. (12) is dominated by the term i = j = m, since all ξi(z) with
i 6= m decay exponentially two or three λF ’s from each jellium edge. Hence, in the vacuum
region far away from the surface we find:
nSlab(z →∞)→ (k
m
F )
2
2π
|ξm(z)|2 (19)
and
εSlabx (z →∞)→ −
4πe2
|ξm(z)|2
∞∫
−∞
dz′ϕm(z, z
′)ϕm(z
′, z)Fmm(z, z
′), (20)
or, equivalently [see Eq. (11)]:
εSlabx (z →∞)→ − e2
∞∫
−∞
dz′ |ξm(z′)|2
∞∫
0
dρ
ρ
[J1(ρk
m
F )]
2√
ρ2 + (z − z′)2 . (21)
Finally, following the same procedure as in the case of a single occupied SDL, we find:
εSlabx (z →∞)→ −
e2
2z
(
1 +
βm
z
+
γm
z2
+ ...
)
, (22)
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where βm(d, rs) = z
m(d, rs) − 2/ [πkmF (d, rs)] and γm(d, rs) = z2
m
(d, rs) −
4 zm(d, rs)/ [πk
m
F (d, rs)].
25
This result represents a straightforward generalization of the result presented above
[Eq. (18)] for the case of one single occupied SDL. At this point, it is interesting to note
that the leading contribution to εSlabx (z → ∞) → − e2/2z can be easily obtained directly
from Eqs. (15) or (21), by approximating the argument inside the square root by z (in
the large z limit), and using the normalization of the KS orbitals ξi(z) and the identity
∞∫
0
dxJ1(x)
2/x = 1/2.
By considering a slab of thickness sufficiently large to make the energy spectrum continu-
ous, Solamatin and Sahni10 reached the conclusion that far away from the slab the so-called
Slater potential VS(z) [which is twice the exchange energy per particle: VS(z) = 2εx(z)] de-
cays as −e2/z2, in contrast with the asymptotic structure dictated by Eq. (22). This result
is, however, not correct due to the fact that for a finite jellium slab (no matter how thick it
is) the slab intrinsic discrete spectrum [corresponding to the eigenvalues εi entering Eq. (4)]
can never be replaced by a continuous one.
Equation (22) leads us to the conclusion that in the vacuum region of a finite jellium
slab and at distances from the surface that are large compared to 1/kmF (which is typically
larger than the slab thickness d), εSlabx (z → ∞) → − e2/2z, which is exactly half the
corresponding KS exact-exchange potential Vx(z → ∞) → − e2/z.26 Hence, as in the case
of finite systems,27 the Slater potential VS(z) of jellium slabs [or, equivalently, twice the
exchange-energy per particle εx(z)] embodies the asymptotics of the KS exchange potential
Vx(z).
In contrast, Solamatin and Sahni9,10 concluded that in the case of a semi-infinite jellium
only half the Slater potential embodies the asymptotics of the KS exchange potential, i.e.,
Vx(z → ∞) = εx(z → ∞); but Nastos11 claimed that Vx(z → ∞) = 2εx(z → ∞), so there
is still something remaining to be clarified on this issue. Work along these lines is now in
progress.28
B. Two-dimensional electron gas
The exchange energy of a strict two-dimensional (2D) electron gas can be obtained from
that of a jellium slab with a single occupied SDL [Eq. (10) with i = j = 1], by first performing
9
the one-dimensional non-uniform scaling29
nSlabλ (z) = λ n
Slab(λz) , (23)
and then taking the limit as λ → ∞. The scaling above preserves the total number of
electrons. Noting that for a single occupied SDL the jellium-slab exchange energy takes the
following form
ESlabx [n] = −
2πe2A
(k1F )
2
∞∫
0
dρ
ρ
[
J1(k
1
Fρ)
]2 ∞∫
−∞
dz
∞∫
−∞
dz′
nSlab(z) nSlab(z′)√
ρ2 + (z − z′)2 , (24)
where
nSlab(z) =
(k1F )
2
2π
|ξ1(z)|2 , (25)
we find:
E2Dx ≡ lim
λ→∞
ESlabx [n
Slab
λ ] = −N
4
3π
e2 k1F , (26)
where N = A (k1F )
2
/(2π) represents the total number of electrons. Previously, this scaling
limit had been formulated in a different way, resulting in the much generous constraint that
the exchange energy per particle in the 2D (λ→∞) limit should be greater than − ∞.29,30,31
It is interesting to note that the exchange energy functional as given by Eq. (24) is an explicit
functional of the density, which is only possible in this single occupied SDL case, due to the
simple (invertible) relation between density and wave-function, as given by Eq. (25). In
the general, many SDL occupied case, Eq. (25) is replaced by Eq. (7), the direct inversion
from wave-functions to density is not feasible anymore, and the exchange energy functional
is an explicit functional of the KS orbitals, but an implicit functional of the density, as in
Eq. (10).
We note at this point that the exchange energy of a strict 2D electron gas can also be
obtained directly from Eq. (15) through the replacement ξ1(z
′)→√δ(z′), with δ(z′) being
the Dirac delta function, and taking z = 0:
E2Dx = −N e2
∞∫
0
dρ
ρ2
[
J1(ρk
1
F )
]2
= −N 4
3π
e2k1F . (27)
Either from Eq. (26) or (27), we find for the exchange energy per particle of the strict 2D
homogeneous electron gas the well-known result ε2Dx = E
2D
x /N = −(4/3π)e2k1F .32
10
C. Semi-infinite jellium
In the case of a semi-infinite jellium, a half-space filled with a uniform distribution of
positive charge (the jellium background), the jellium density is
nSI+ (z) = n θ (−z) , (28)
with the jellium edge at z = 0 defining the surface of a metal. As in the case of jellium
slabs, the semi-infinite jellium is invariant under translations in the x − y plane, so the KS
eigenfunctions can be factorized as follows
ϕkz,k(r) =
eik·ρ√
A
ξkz(z)√
L
, (29)
where ρ and k are the in-plane coordinate and wave-vector, respectively, and A (L) repre-
sents a normalization area (length). ξkz(z) are spin-degenerate eigenfunctions for electrons
with a continuous energy spectrum εkz = VKS(−∞)+(~kz)2/2me (kz is a continuum quantum
number). They are the solutions of the effective one-dimensional KS equation
ĥkzKS(z)ξkz(z) =
[
− ~
2
2me
∂2
∂z2
+ VKS (z)− εkz
]
ξkz(z) = 0. (30)
The KS potential VKS(z) is given by Eq. (5), as in the case of a jellium slab but with the
slab electron density of Eq. (7) being replaced by the SI electron density
nSI(z) =
1
4π2
kF∫
−kF
(k2F − k2z) |ξkz(z)|2 dkz. (31)
In the case of a semi-infinite jellium, the position-dependent exchange energy per particle
at plane z is given by the following expression:
εSIx (z) = −
e2
2π2nSI(z)
kF∫
−kF
dkz
kF∫
−kF
dk
′
z(k
2
F−k2z)1/2(k2F−k
′2
z )
1/2
∞∫
−∞
dz′ϕkz(z, z
′)ϕk′z(z
′, z)Fkzk′z(z, z
′),
(32)
where ϕkz(z, z
′) = ξkz(z)
∗ξkz(z
′), and Fkzk′z(z, z
′) is of the form of Eq. (11) but with kiF (k
j
F )
being replaced by [k2F − k2z ]1/2 ([k2F − k′2z ]1/2).
a. Asymptotic behavior. The derivation of the asymptotic limit of εSIx (z) is more del-
icate than in the case of jellium slabs, due to the fact that in the present case we have
a continuous energy spectra. Hence, the crucial argument that we have used to derive
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the asymptotic behavior for jellium slabs, concerning the fact that in that case the high-
est occupied SDL dominates in the vacuum region far away from the surface, is not so
transparent when the spectrum is continuous. Stated in other words, contributions to the
asymptotic position-dependent exchange energy of Eq. (32) come indeed from values of kz
and k
′
z that approach kF , but not necessarily only from the highest occupied value, i.e., from
kz = k
′
z = kF .
The asymptotic behavior of Eq. (32) was analyzed by Nastos11 by assuming that at
z →∞ the KS potential VKS(z) takes the image-like form VKS(z →∞)→ − αKS e2/z, with
αKS positive, but otherwise arbitrary. One finds that in the vacuum region far away from
the surface (z →∞) the KS orbitals ξkz can be expanded with respect to the KS orbital at
kz = kF as follows
11,33
ξk(z →∞)→ ξkF (z →∞)e−αz(kF−k) , (33)
with
ξkF (z →∞) ∝ e−z
√
2meW/~2(2z
√
2W )αKS/
√
2mea20W/~
2
, (34)
α standing for the square root of the ratio between the Fermi energy and the work function
W (α2 = εF/W ). By introducing Eqs. (33) and (34) into Eqs. (31) and (32), one finds
11,33
nSI(z →∞)→ 3n
4(αkFz)2
|ξkF (z →∞)|2 , (35)
and
εSIx (z →∞)→ −
π + 2α ln(α)
2π(1 + α2)
e2
z
. (36)
Furthermore, the asymptote of Eq. (36) does not depend on the actual form of ξkF (z →∞).
This is due to a cancellation, when z is large, of the orbitals ξkF (z → ∞) entering the
numerator and denominator of Eq. (32). This is the reason why the leading term in the
expansion of εSIx (z → ∞) is independent of αKS. That means that the result remains valid
also in the absence of this image-like contribution, i.e., even assuming that the KS potential
VKS(z) entering Eq. (4) decays exponentially as z →∞.
The asymptotic behavior dictated by Eq. (36) was obtained independently by Solamatin
and Sahni using a somehow less general, but otherwise quite different approach.9,10,34 They
approximated the KS potential VKS(z) entering Eq. (30) by a finite-linear-potential model
at the interface region, and used the corresponding orbitals in each of the three regions
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where the model was defined: trigonometric functions (in the bulk region), Airy functions
(near the surface), and exponential decaying functions (in the vacuum). As the only thing
that matters in obtaining the asymptote of Eq. (36) is the correct expansion of the KS
orbitals with respect to the KS orbital at kz = kF [as given by Eq. (33)], and with this
general expansion being fulfilled also within the finite-linear-model potential used in Refs. 9
and 10, Solamatin and Sahni obtained Eq. (36) which is valid in general. It is also worth
of address the fact that the result of Eq. (36) is in contrast with the asymptotic behavior
εx(z → ∞) → − e2/4z that one obtains for the exchange energy per particle in the case
of the Airy edge electron gas.35 This is due to the fact that the asymptotic behavior of the
solutions of the Airy edge gas is different from the one given by Eq. (33), as for this model
the potential increases linearly with distance in the vacuum region, instead of approaching
a constant value. An analysis of the so-called Pauli and lowest-order correlation-kinetic
components of the exchange energy per particle ǫx(z →∞) can be found in Ref. 33.
III. NUMERICAL RESULTS
All the numerical calculations presented below have been carried out by ignoring all
correlation effects (beyond the Pauli exchange). By this we mean that the xc potential Vxc(z)
entering Eq. (4) has been replaced by the exchange-only contribution Vx(z), disregarding
Vc(z), both for jellium slabs and for the semi-infinite jellium. In the case of jellium slabs,
Vx(z) and the corresponding KS orbitals of Eq. (4) can be obtained through the solution of
the discrete version of the x-only optimized effective potential (OEP) method, as given for
example by Eqs. (14) or (20) of Ref. 36. This code is feasible and we have at our disposal these
self-consistent exact-exchange (OEP) KS orbitals and exchange potentials.26,36 Alternatively,
an approximate way to obtain Vx(z) and the corresponding KS orbitals (the exchange-only
LDA orbitals) is to replace the actual exchange potential Vx(z) by the exchange potential
of a uniform electron gas at the local electron density n(z), i.e., V LDAx (z) = − [6n(z)/π]1/3
[hartrees].
Fig. 1 shows a comparison of (i) the well-known LDA exchange energy per particle
εx,LDA(z) = −(3/4π) [3π2n(z)]1/3 [hartrees], with n(z) being the self-consistent electron
density obtained with the use of either exchange-only LDA orbitals (wide solid line) or
exact-exchange (OEP) orbitals (wide dotted line), with (ii) the exact-exchange energy per
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FIG. 1: εSlabx (z) for rs = 2.07 and slab width d = 4.3 λF . The curves denoted “Slab” have been
evaluated from Eq. (12), by using exchange-only LDA orbitals (solid line) and exact-exchange
(OEP) orbitals (dotted line). The curves denoted ”LDA” have been evaluated from the well-known
LDA formula εx,LDA(z) = −(3/4pi)[3pi2n(z)]1/3 [hartrees], with n(z) being the exchange-only self-
consistent electron density obtained with the use of exchange-only LDA orbitals (wide solid line)
and exact-exchange (OEP) orbitals (wide dotted line). Inset: enlarged view of the bulk region near
the surface. The bulk value of εx for this electron density is − 0.22134 (e2/a0).
particle εSlabx (z) of Eq. (12) obtained by using, as before, either exchange-only LDA orbitals
(solid line) or exact-exchange (OEP) orbitals (dotted line). It is important to note that
while both alternative evaluations of εx,LDA(z) fail badly in the vacuum region where the
actual exchange energy per particle exhibits an image-like asymptotic behavior, the use of
LDA orbitals in Eq. (12) results in an exchange energy per particle (solid line) that on the
scale of the figure is nearly identical to the exact fully-self-consistent result (dotted line).
Small differences introduced by the use of LDA orbitals (see the inset) are mostly localized
in the bulk region near the surface, where Friedel-like oscillations appear to be too weak in
this approximation.
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The numerical methods that we have used to obtain exact-exchange (OEP) orbitals and
exchange-only LDA orbitals suffer from instabilities in the vacuum region far from the sur-
face. As in this region exchange-only LDA orbitals are stabler than their OEP counterparts
and the results presented in this work do not depend significantly on whether exact-exchange
(OEP) or exchange-only LDA orbitals are used in Eq. (12) (see Fig. 1), all the calculations
presented below have been obtained with the use of exchange-only LDA orbitals. We em-
phasize, however, that this is not a crucial approximation, and that the magnitude of the
error that it introduces is given by the almost indistinguishable difference between the full
and dotted lines in Fig. 1.
The numerical self-consistent calculations presented in Fig. 1 and in the remaining of this
section (which are all obtained from either Eq. (12) or Eq. (32) with the use of exchange-
only LDA orbitals) have been performed as follows. For jellium slabs, two infinite barriers
have been located in the vacuum region far enough away from the two surfaces, in such a
way that all the numerical results be independent of their precise location,37 and the KS
equations have been solved through a straightforward discretization in real space along the
one-dimensional coordinate z. In the case of the semi-infinite jellium, the KS equations have
been solved by following the general procedure introduced by Lang and Kohn.3 This consists
of defining three regions for the solution of the KS equation: far-left (bulk region), central
(a few λF ’s to the left and to the right of the jellium edge), and far-right (vacuum region).
In the bulk region, the KS eigenfunctions are taken to be of the form ξk(z) = sin(kz − γk),
where γk are phase shifts, and this fixes an overall normalization constant. In the central
region, we define a mesh of N points between z1 and zN (z1 < zN ), the first point z1 being
chosen far enough from the jellium edge in the bulk so that the Friedel oscillations can be
neglected, and the outer point zN being chosen to be far enough from the jellium edge into
the vacuum so that the effective one-electron potential is negligibly small. Since VKS(z) ∼ 0
for z ≥ zN , the orbitals can be approximated as ξk(zN ) = a e−k∗z where a is a constant
and k∗ = (−2meεkz/~2)1/2. The KS orbitals at the mesh points are calculated by using the
Numerov integration procedure.38 As in the vacuum region the orbitals follow exponential
form, it is numerically most stable to integrate them inwards, so the Numerov integration
procedure in this case is given by:
ξk(zi−1) =
2 + 10h(VKS(zi)− εkz)
1− h(VKS(zi−1)− εkz)
ξk(zi)− 1− h(VKS(zi+1)− εkz)
1− h(VKS(zi−1)− εkz)
ξk(zi+1), (37)
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FIG. 2: Position-dependent exchange-energy per particle for a thin jellium slab with rs = 2.07
and d = 0.3 λF ≈ 2a0. Solid line: full numerical calculation of Eq. (12). Dashed-dotted lines:
asymptote of Eq. (18); the dashed (dotted) lines represent the asymptote of Eq. (18) with the last
term (last two terms) neglected. Inset: enlarged view of the asymptotic region.
where h = (zi+1 − zi)2/12. Finally, matching the KS orbitals in the central region with the
corresponding analytical expression in the bulk region [ξk(z) = sin(kz− γk)] determines the
constant a.
A. Jellium slabs
In Fig. 2, we consider a thin jellium slab with rs = 2.07 (corresponding to the average
electron density of Al) and d = 0.3 λF . This slab contains one single occupied SDL, so that
we compare our full numerical calculation of Eq. (12) (solid line) with the asymptote of
Eq. (18) (dashed-dotted line). We see that εSlabx (z) reaches Eq. (18) at about one λF from
the jellium edge and reaches the asymptote −e2/2z at a few Fermi wavelengths (∼ 5− 6λF )
from the surface.
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line, εSlabx (z) from Eq. (12); dotted, dashed, and dashed-dotted lines, asymptotic expansions from
Eq. (22). The contribution from each pair (i, j) of occupied SDL to the total εx
Slab(z) are repre-
sented with thin full lines, except for the last contribution (i = j = 9). Inset: enlarged view of the
asymptotic region.
In Fig. 3, we consider a jellium slab with rs = 2.07 and d = 4 λF . For this particular case,
nine SDL’s are occupied, i.e., ε9 < εF < ε10, so we compare our full numerical calculation of
Eq. (12) (solid line) with the asymptote of Eq. (22) (dashed-dotted line). The main message
of this figure is that (i) in the vacuum region far away from the surface εSlabx (z) is dominated
by the term i = j = m (dashed-dotted-dotted line), and (ii) εSlabx (z) reaches the asymptote
−e2/2z only at a distance from the jellium edge of several Fermi wavelengths (∼ 8λF ). We
remind here that point (i) above was our main assumption in the derivation of the slab
asymptotic limit of Eq. (22). This assumption is fully justified after the numerical results
shown in Fig. 3.
At this point, with a few algebraic manipulations, we rewrite the asymptote of Eq. (22)
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FIG. 4: Parameter zSlabx (d, rs = 2.07, z) from Eq. (38), as a function of d, in several approximations.
Full line, zSlabx (d, rs = 2.07, z →∞) + d/2 = −2/pikmF (d, rs = 2.07); squares, Eq. (40); circles, fit to
Eq. (38). Upper panel, kmF (d) as a function of d.
in the physically motivated image-like form
εSlabx (z →∞)→ − αSlabx
e2
[z − zSlabx (d, rs, z)]
, (38)
where
αSlabx = 1/2, (39)
and zSlabx (d, rs, z), which represents the location of the so-called image plane, results in
zSlabx (d, rs, z) = βm(d, rs) +
γm(d, rs)− [βm(d, rs)]2
z
+O
(
1
z2
)
. (40)
As z →∞, zSlabx (d, rs, z) reaches a finite value, given by
zSlabx (d, rs, z →∞)→ βm(d, rs) = zm(d, rs)− 2/πkmF (d, rs) = −d/2− 2/πkmF (d, rs). (41)
In Fig. 4, we plot a comparison of Eq. (41) (solid line) with the image-plane position that
we obtain by fitting our full numerical calculation of Eq. (12) with the image-like Eq. (38)
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and αSlabx = 1/2 (empty circles). For this, we have used a fit region of width 2λF centered at
6λF from the jellium edge in the vacuum. Differences between Eq. (41) (solid line) and our
numerical estimate (empty circles), which in the case of very thin films are negligible, are
entirely due to the fact that the fitting of the numerical calculation must be carried out in a
vacuum region that extends very far away from the surface. Empty squares correspond to the
result of Eq. (40), including the correction to the leading term, and taking z = 6λF (which
is the average value of the fit region indicated above). According to Eq. (41), zSlabx (d) + d/2
is inversely proportional to kmF (d), which exhibits an oscillatory behavior as a function of the
slab width d (see the solid line in the upper part of Fig. 4) going to zero every time a SDL
becomes occupied. Hence, the location of the image plane becomes infinitely negative every
time a SDL becomes occupied, which results in the strong finite-size oscillations shown in
Fig. 4.
B. Semi-infinite jellium
Now we focus on a comparison between our full numerical jellium-slab and semi-infinite-
jellium calculations of the position-dependent exchange energy per particle (see Fig. 5). In
the bulk, as d increases the slab calculations converge with the semi-infinite calculation
(see the inset at the upper part of Fig. 5), and both slab and semi-infinite calculations
approach in the bulk region far away from the surface the exchange energy per particle of
a three-dimensional (3D) homogeneous electron gas, ε3Dx /(e
2/a0) = −(3/4π)(9π/4)1/3/rs ≈
− 0.22134. In the vacuum, however, there is always a region far enough away from the
surface where the jellium slab and the semi-infinite jellium behave differently: while all slab
calculations converge to an image-like behavior of the form of Eq. (38) with αSlabx = 1/2, the
semi-infinite εSIx (z → ∞) exhibits an image-like behavior in agreement with Eq. (36) (see
Fig. 6). Fig. 5 also shows that as the width d increases the slab εSlabx (z) coincides with the
semi-infinite εSIx (z) in a wider vacuum region near the surface (see the lower inset of Fig. 5).
Fig. 6 shows a comparison of our full numerical calculation of Eq. (32) with the
asymptote of Eq. (36) (solid and dashed lines, respectively) for rs = 2.07. In this case,
α =
√
εF/W = 2.048 (as obtained from our exchange-only LDA self-consistent calculation
of the work function W ) and Eq. (36) yields εSIx (z → ∞) → −0.18622 e2/z (dashed line),
which is in contrast with the asymptote of Eq. (22) (dotted line) that holds in the case of
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asymptotic region.
jellium slabs. The same comparison has been done for other values of rs, and we have found
that our full numerical calculation is always very close (as in Fig. 6) to the asymptote of
Eq. (36).
Finally, we display in Fig. 7 our exchange-only LDA self-consistent calculation of the
coefficient α =
√
εF/W in a wide range of electron densities. It is important to note
that the corresponding coefficient [π + 2α ln(α)] / [2π(1 + α2)] (see the inset to Fig. 7) en-
tering Eq. (36) is close to 1/4 at metallic densities (rs = 2 − 6). Fig. 7 also shows that
only at extremely low densities the coefficient α approaches zero, thereby the coefficient
[π + 2α ln(α)] / [2π(1 + α2)] of Eq. (36) approaching 1/2. Hence, the asymptotic limits of
εSlabx (z) and ε
SI
x (z) only coincide in the low-density limit (rs →∞).
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IV. SUMMARY AND CONCLUSIONS
We have presented a detailed analysis of the position-dependent exchange energy per
particle εx(z) at jellium slabs and the semi-infinite jellium.
For jellium slabs, we have found that in the vacuum region far away from the surface
εSlabx (z →∞)→ − e2/(2z), independent of the bulk electron density. This is the equivalent
to the well-known result εx(r→∞)→ − e2/(2r), which holds in the case of localized finite
systems like atoms and molecules.4 The equivalence between these results is however not
straightforward, since slabs have an extended character in the x−y plane, being “localized”
only along the z-coordinate. In the vacuum side of the surface there is a region where εSlabx (z)
coincides with εSIx (z) and this region increases as d increases. The fitting of our numerical
calculations of εSlabx (z) to a physically motivated image-like expression is feasible, but the
resulting location of the image plane [zSlabx (d, rs, z)] shows strong finite-size oscillations. In
particular, we have shown analytically that zSlabx (d, rs, z → ∞) = −d/2 − 2/πkmF (d, rs),
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kmF (d, rs) being a signature of the energy of the highest occupied SDL with respect to the
Fermi level.
For a semi-infinite jellium, we have found that our numerical calculations agree well with
the analytical asymptote [see Eq. (36)] obtained in Refs. 9,10,11 and 33, which approaches
the slab asymptote − e2/2z only in the extreme low-density limit (rs →∞).
We attribute the qualitatively different behavior of εSlabx (z → ∞) and εSIx (z → ∞) to
the fact that these asymptotes are approached in different ranges. While in the case of the
semi-infinite jellium the asymptote is reached at distances z from the surface that are large
compared to the Fermi wavelength (the only existing length scale in this model), for slabs
the asymptote is reached at distances z from the surface that are large compared to 1/kmF
(which is typically larger than the slab thickness d). For thick slabs with d >> λF (λF being
the Fermi wavelength), εSlabx (z) first coincides with ε
SI
x (z) [dictated by Eq. (36) at z >> λF ]
in the vacuum region near the surface (see Fig. 5), but at distances from the surface that
are large compared to 1/kmF , ε
Slab
x (z) turns to the slab image-like behavior of the form of
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Eq. (22) [or, equivalently, Eq. (38) with αSlabx = 1/2]; in the limit as d→∞ (i.e., when the
jellium slab becomes semi-infinite), εSlabx (z →∞) coincides with εSIx (z →∞) everywhere. In
the low-density limit, where λF →∞, the condition d >> λF is never fulfilled and εSlabx (z)
reaches (at z >> 1/kmF ) one single asymptote: the slab image-like behavior of the form of
Eq. (22) [or, equivalently, Eq. (38) with αSlabx = 1/2], which turns out to coincide with the
semi-infinite-jellium asymptotic behavior dictated by Eq. (36).
Finally, we note that as εxc(z) = εx(z) + εc(z), the same conclusion is expected to be
valid for the exchange contribution to the position-dependent xc energy per particle. Recent
developments concerning the asymptotic behavior of the correlation contribution to the KS
exchange correlation potential Vxc(z) of a semi-infinite jellium can be found in Ref. 33.
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APPENDIX A: DERIVATION OF ASYMPTOTIC EXPRESSIONS
Here we will shown in detail how to go through Eqs. (15)-(18) in the text. Starting from
Eq. (15), one first notice that39
∞∫
0
dx
x
J21 (ax)√
x2 + y2
=
1
2|y|
[
1− I1(2a|y|)
a|y| +
L1(2a|y|)
a|y|
]
, (A1)
with I1 and L1 being the modified Bessel and Struve functions, respectively. Substitution
of Eq. (A1) in Eq. (15) yields at once Eq. (16). Now, in the asymptotic limit,40
L1(x≫ 1)→ I1(x≫ 1)− 2
π
+
2
x2
− ... , (A2)
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which inserted in the definition of the function F (x) yields Eq. (17). Substitution of this
expansion for F (x) in Eq. (16) leads to the expression,
εSlabx,1 (z →∞)→ −
e2
2
∞∫
−∞
dz′
|ξ1(z′)|2
|z − z′|
[
1− 2
π
1
k1F |z − z′|
+
1
2
1
(k1F |z − z′|)3
− ...
]
, (A3)
= −e
2
2
∞∫
−∞
dz′
|ξ1(z′)|2
|z − z′| +
e2
πk1F
∞∫
−∞
dz′
|ξ1(z′)|2
|z − z′|2 −
e2
4(k1F )
3
∞∫
−∞
dz′
|ξ1(z′)|2
|z − z′|4 + ... . (A4)
Expanding the denominators of Eq. (A4) in the large z limit, the different contributions
in Eq. (18) arise. For instance, the leading contribution −e2/(2z) comes from the first
term on the r.h.s. in Eq. (A4), with |z − z′| approximated by z. It is interesting to note
that one important feature of this result, as is its material and slab-size independence, is
consequence (in this context) of the normalization of the SDL wave-functions. On more
general grounds, and returning to the alternative definition of εSlabx (z) given in Eq. (14), this
is more physically understood as a consequence of that the integral of hx(z; ρ, z+Z) over all
possible “observational” coordinates (ρ, Z) is exactly −1.21 The next term in the expansion,
proportional to β1 and with decay z−2, is obtained from the sub-leading contribution of the
first term on the r.h.s. in Eq. (A4), together with the leading contribution from the second
term. To the order explicitly displayed in Eq. (18), no contribution arises from the last
(third) term in Eq. (A4), as the leading contribution coming from this term to εSlabx,1 (z →∞)
is of the order z−4. While this analysis has been performed for the single-occupied SDL
case, it also applies to the general case where more than a SDL is occupied, as explained in
Section II.A.2.
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